We discuss the Waring rank of binary forms of degree 4 and 5, without multiple factors, and point out unexpected relations to the harmonic cross-ratio, j-invariants and the golden ratio. These computations of ranks for binary forms are used to show that the combinatorics of a line arrangement in the complex projective plane does not determine the Waring rank of the defining equation even in very simple situations.
Introduction
For the general question of symmetric tensor decomposition we refer to [3, 5, 7, 10, 9, 14, 15, 17, 18, 19, 20, 22] , as well as to the extensive literature quoted at the references in [3] and [15] . Consider the graded polynomial ring S = C[x, y], let S d denote the vector space of homogeneous polynomials of degree d in S, and let f ∈ S d be a binary form of degree d. We consider the Waring decomposition (1.1) (D) f = ℓ d 1 + · · · + ℓ d r , where ℓ j ∈ S 1 are linear forms in x, y, and r is minimal, in other words r = rank f is the Waring rank of f . Hence, the nonzero binary form f has Waring rank r = rank f = 1 if and only if f is the power of a linear form. Note that the Waring rank of a form f of degree d depends only on the corresponding class [f ] in P(S d ), and even on the corresponding SL 2 (C)-orbit of [f ] in P(S d ). It is clear that two forms f and f ′ in S d such that
give rise to the same SL 2 (C)-orbit in P(S d ).
In this note we discuss the Waring ranks of binary quartics and binary quintics, assuming they have distinct factors. For binary quartics the generic rank is 3. We describe precisely the quartic forms of rank 2 in terms of the harmonic cross-ratio of the corresponding roots in P 1 , and explain why all the other binary quartics with distinct factors have rank 3, see Theorem 3.1. For binary quintics with distinct factors, those of rank 2 are closely related to the golden ratio. The generic binary quintics still have Waring rank 3, and there is an algebraic curve parametrizing the binary quintics with distinct factors and with rank 4, see Theorem 4.1.
In the final section we use the previous results to show that the combinatorics of a line arrangement A : F (x, y, z) = 0 in P 2 does not determine the Waring rank of F even in very simple situations, namely when F (x, y, z) = zf (x, y), see Theorem 5.1 and Example 5.2.
We would like to thank Alessandro Oneto for kindly drawing our attention to several key results in [6] . Computations with CoCoa [8] and Singular [11] also played a key role in our results.
Sylvester's Theorem
The Waring rank r = rank f can be described as follows. Let Q = C[X, Y ], where X = ∂ x and Y = ∂ y . Then Q is the ring of differential operators with constant coefficients and acts on S in the obvious way. For a binary form f ∈ S, we consider the ideal of differential operators in Q killing f , namely
also denoted by f ⊥ and called the apolar ideal of f . Note that Ann(f ) is a graded ideal, whose degree s homogeneous component is given by then
The following result is perhaps well known. The following result goes back to Sylvester [23] . See also [9] .
For a binary form f of degree d, the apolar ideal Ann(f ) is a complete intersection, namely there are two binary forms g 1 and g 2 in Q such that Ann(f ) = (g 1 , g 2 ). The degrees d j of g j for j = 1, 2 satisfy d 1 + d 2 = d + 2. Moreover, if we assume d 1 ≤ d 2 , then the Waring rank r = rank f is determined as follows.
(1) If the binary form g 1 has no multiple factors, then r = d 1 .
(2) Otherwise, r = d 2 .
According to Lemma 2.2, the interesting case is
In this case we have the following, see also the Introduction in [4] . 
Proof. The first claim follows from Lemma 2.2, (3) and Sylvester's Theorem 2.3. The second claim is a special case of Alexander-Hirschowitz results in [2] .
Example 2.5. When d = 3, a binary form f has rank f = 2 if and only if f has no multiple factor, and then f is projectively equivalent to the binary form x 3 + y 3 .
Binary quartics and the harmonic cross-ratio
In this section we investigate the Waring rank of binary forms of degree 4 having no multiple factor. If we write
then the determinant
which is, up to a constant factor, just det C(f ) 2 from Example 2.1, is called classically the Hankel determinant, and the induced function on S 4 given by f → det C(f ) 2 is, up to a constant factor, the catalecticant from classical Invariant Theory, see [13] , p. 10. In particular, the catalecticant is invariant with respect to the group SL 2 (C). Another invariant of the binary form f is given by [1, 13] . Using these two invariants, one defines
It is known that two binary quartics f and f ′ , without multiple factors and regarded as points in P(S 4 ), are in the same SL 2 (C)-orbits if and only if
We have the following. Proof. Up to projective equivalence a quartic binary form f having no multiple factor can be written as
with t ∈ C \ {0, 1}. Note that one has, using the above formulas,
Since f having no multiple factor, it is clear that rank f ≥ 2 by Lemma 2.2. On the other hand, Theorem 2.4 implies that
Moreover, Lemma 2.2 (3) and our hypothesis that t ∈ C\{0, 1}, implies that rank f = 2 if and only if Ann(f ) 2 = 0. Using the formula for the catalecticant C(f ) 2 given in Example 2.1 and the formula for f in (3.2), it follows that det C(f ) 2 = 0 exactly for t ∈ {−1, 1 2 , 2}. For all these three values of t we get j(f ) = 1.
Corollary 3.2. The quartic binary forms f having no multiple factor and with Waring rank 2 form a single SL 2 (C)-orbit in P(S 4 ). More precisely, rank f = 2 if and only if the four roots of f , regarded as points in the projective line P 1 , have a harmonic cross-ratio.
Proof. It is known that j(f ) = 1 corresponds exactly to the case when the four roots of f , regarded as points in the projective line P 1 , have a harmonic cross-ratio. Recall also our remark related to (1.2) in the Introduction.
Remark 3.3. The fact that a binary quartic has Waring rank 2 when the catalecticant C(f ) 2 vanish and the relation to harmonic cross-ration is stated as a remark in [21] , see middle of page 29, with a reference to an exercise in Gurevich book [16] , namely Exercise 25.7. We leave the interested reader to compare the two different approaches and to notice the distinct terminology used by various authors.
Binary quintics and the golden ratio
In this section we investigate the Waring rank of binary forms of degree 5 having no multiple factor. Up to projective equivalence such a form f can be written as 
where ϕ ± are the two roots of the equation
More precisely, the rank of the form f S,P is 4 exactly when the pair (S, P ) is a zero of the polynomial
Proof. As in the proof above, we see that rank f ≥ 2 and the equality holds if and only if the catalecticant C(f ) 2 has not maximal rank 3. A direct computation shows that
6(s + t + 1) 6(s + t + st) 6(s + t + 1) 6(s + t + st)
Using the software SINGULAR, we see that the ideal of 3-minors of this matrix has as zero set exactly the 12 pairs (s, t) listed above. Assume now that the catalecticant C(f ) 2 has maximal rank 3, which implies that g 1 , the generator of Ann(f ) of minimal degree has degree d 1 = 3. It follows that in this case rank(f ) ≥ 3. If 3b, 3c, d) is in the kernel of the matrix C(f ) 3 , and hence in the kernel of the matrix
obtained by dividing the rows in C(f ) 3 by 6,12 and 6. Let m i be the determinant of the 3 × 3 matrix obtained from this matrix by deleting the i-th column. Then, since the matrix C(f ) 3 is essentially the transpose of the matrix C(f ) 2 , we know that at least one of the minors m i is not zero. It follows that one can take 
Proof. The fact that the 12 pairs (s, t) listed in Theorem 4.1 give rise to a single SL 2 (C)-orbit in P(S 5 ) follows from our general remark related to (1.2) in Introduction. A direct computation shows that corresponding to the case t = i, s = −i with i 2 = −1. The corresponding pair (S, P ) = (s + t, st) is now (0, 1) and clearly ∆(0, 1) = 0. The corresponding form g 1 = (Y − X)(X + Y ) 2 has a multiple factor, and hence rank xy(x + y)(x 2 + y 2 ) = 4.
On the Waring rank of some ternary forms
Let f ∈ S d = C[x, y] d be a binary form of degree d and rank rank f ≥ 2, and consider the ternary form F = zf ∈ R d+1 , where R = C[x, y, z]. Assume, using Theorem 2.3, that Ann(f ) = (g 1 , g 2 ) such that
Then it is clear that Ann(F ) in the ring T = C[X, Y, Z], where Z corresponds to ∂ z , it is given by (g 1 , g 2 , Z 2 ). The following result is a special case of [6, Theorem 4.14] . We include a proof, essentially the same as the proof given in [6, Theorem 4.14] , just for the reader's convenience.
Theorem 5.1. The Waring rank of the ternary form F = zf (x, y) is exactly d 1 d 2 , and all the linear forms ℓ j occurring in a minimal length Waring decomposition (1.1) have the forms ℓ j = a j x + b b y + c j z with c j = 0 for all j = 1, ..., r = d 1 d 2 .
Proof. Since Ann(f ) is a complete intersection, it follows that g 2 can be chosen without multiple factors. With such a choice, we claim that the ideal
is a smooth complete intersection V , containing d 1 d 2 simple points in P 2 . Take a point (p : q : r) ∈ P 2 in the zero set of this ideal I. Note that r = 0, since the equations g 1 (X, Y ) = g 2 (X, Y ) = 0 have only the trivial solution (p, q) = (0, 0) in C 2 . Hence we can take r = 1 and compute the Jacobian matrix of the mapping (g 1 (X, Y ) + Z d 1 , g 2 (X, Y )) at the point (p : q : 1). This matrix has rank 2, due to the fact that g 2 was supposed without multiple factors, and hence g 2 (p, q) = 0 implies that the gradient of g 2 at (p, q) is non-zero. It follows that I(V ) = I ⊂ Ann(F ). It is known that the Waring rank rank F is the minimal cardinality of a finite set W in P 2 such that I(W ) ⊂ Ann(F ). The set V constructed above shows that this minimal number is 
It follows that
.
On the other hand, we have
and this proves our claim. 
